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ABSTRACT 
T h i s  work d e a l s  w i t h  t h e  d e t e r m i n a t i o n  o f  changes  i n  
o r i e n t a t i o n  o f  t h e  human body i n  a s t a t e  o f  f r e e  f a l l  
( w e i g h t l e s s n e s s ) ,  t h e  changes r e s u l t i n g  from s p e c i f i e d  
mot ions  o f  t h e  arms r e l a t i v e  t o  t h e  r e m a i n d e r  of t h e  body. 
A computer  program,  w r i t t e n  i n  F o r t r a n  IV for t h e  IBM 360/67, 
i s  documented and  examples  i n  t h e  u s e  o f  the  program a r e  
g i v e n .  
iii 
ACKNOWLEDGMENT 
Gratitude is expressed €or financial assistance provided 
by the National Aeronautics and Space Administration, under 
Gr an t NGR .- 0 5 - 0 20 - 2 0 9. 
iv 
TABLE OF CONTENTS 
Page 
iii 
iv 
v 
1 
2 
A b s t r a c t  . . . . . . . . . . . . . . . .  
1- 
Acknowledgment . . . . . . . . . . . . .  
Table of Con ten t s  . . . . . . . . . . .  
I .  I N T R O D U C T I O N  . . . . . . . . . . . . . . . .  
11. THEORY . . . . . . . . . . . . . . . . . . .  
S e c t i o n  
1.1 
1.2 
1.3 
D e s c r i p t i o n  o f  e l e m e n t s  of t h e  s y s t e m  . 2 
6 K i n e m a t i c a l  c o n s t r a i n t s  o f  t he  arms . . 
P r i n c i p l e  used t o  o b t a i n  t h e  e q u a t i o n s  
of motion  . . . . . . . . . . . . . . .  7 
1.4 
1.5 
1.6 
8 R e l a t i o n s h i p s  between u n i t  v e c t o r s  . . .  
I n e r t i a  p r o p e r t i e s  of t h e  main body . . 13 
18 L o c a t i o n  o f  sys tem mass c e n t e r  . . . . .  
1.7 A n a l y t i c a l  e x p r e s s i o n s  for a l l  a n g u l a r  
momentum terms . . . . . . . . . . . . .  20  
1.8 E u l e r  p a r a m e t e r s  and k i n e m a t i c a l  
e q u a t i o n s  . . . . . . . . . . . . . . .  25 
1.9 D i r e c t i o n  c o s i n e s  i n  terms of E u l e r  
a n g l e s  . . . . . . . . . . . . . . . . .  27 
28 1.10 F i n d i n g  t h e  t h r e e - a x i s  E u l e r  a n g l e s  . . 
1.11 
1.12 
R e s t r i c t i o n s  on t h e  f u n c t i o n s  Q1 and 
Summary . . . . . . . . . . . . . . . .  
q i 2 . . " . . . . . . . . . . . . . . '  29 
30 
31 111. COMPUTER PROGRAM . . . . . . . . . . . . . .  
S e c t i o n  
31 
34 
2.1 FREFALl . . . . . . . . . . . . . . . .  
2 . 2  FREFAL2 . . . . . . . . . . . . . . . .  
- v  - 
Section 
2.3 
2.4 
2.5 
2.6 
2.7 
2.8 
2.9 
2.10 
2.11 
2.12 
2.13 
XROTT . . . . . . . . . . . . . . . . .  
ANGMOM . . . . . . . . . . . . . . . . .  
CURL . . . . . . . . . . . . . . . . . .  
CURLAB . . . . . . . . . . . . . . . . .  
DCOSEP . . . . . . . . . . . . . . . . .  
ELMAIN . . . . . . . . . . . . . . . . .  
EULER3 . . . . . . . . . . . . . . . . .  
INRTBO . . . . . . . . . . . . . . . . .  
MTXMLT . . . . . . . . . . . . . . . . .  
SIMEQ . . . . . . . . . . . . . . . . .  
Example problem using FREFALl . . . . .  
Page 
34 
36 
38 
39 
41 
42 
42 
43 
45 
46 
47 
. vi . 
. 
. 
I. INTRODUCTION 
W i t h i n  r e c e n t  y e a r s ,  t h e r e  has emerged c o n s i d e r a b l e  
i n t e r e s t  i n  t h e  problem of m a n e u v e r a b i l i t y  o f  t h e  human body 
i n  a s t a t e  of f r e e  f a l l  ( w e i g h t l e s s n e s s ) .  S t u d i e s  have  been 
made of d e v i c e s  such as hand he ld  j e t  guns, j e t  s h o e s ,  and 
j e t  back  p a c k s  f o r  maneuvering t h e  body i n  s p a c e .  T h e  p r e -  
s e n t  work dea l s  w i t h  t h e  r e o r i e n t a t i o n  o f  t h e  body by means 
o f  r e l a t i v e  mot ions  o f  body p a r t s  d u r i n g  s t a t e s  o f  motion i n  
wh ich  t h e  a n g u l a r  momentum o f  t h e  e n t i r e  sys t em r e l a t i v e  t o  
i t s  mass c e n t e r  i s  e q u a l  t o  z e r o .  More s p e c i f i c a l l y ,  
changes  i n  o r i e n t a t i o n  r e s u l t i n g  from s p e c i f i e d  mot ions  o f  
t h e  arms r e l a t i v e  t o  t h e  r ema inde r  o f  t h e  body a re  c o n s i d -  
e r e d .  To t h i s  e n d ,  t h e  human body i s  regarded as c o n s i s t i n g  
o f  t h r e e  r i g i d  b o d i e s :  a main body, r e p r e s e n t i n g  t he  h e a d ,  
n e c k ,  trunk, l egs  and f e e t ;  and two a d d i t i o n a l  b o d i e s  r e p r e -  
s e n t i n g  t h e  arms. (The p h r a s e  " f ree  f a l l "  r e f e r s  t o  a s t a t e  
i n  which  t h e  sys t em i s  s u b j e c t e d  t o  no e x t e r n a l  f o r c e s  o t h e r  
t h a n  g r a v i t a t i o n a l  f o r c e s  w h i c h  may be r e p l a c e d  w i t h  a 
s i n g l e  f o r c e  a p p l i e d  a t  the s y s t e m ' s  mass c e n t e r . )  
The dynamica l  a n a l y s i s  o f  t h e  problem i s  p r e s e n t e d  i n  
C h a p t e r  11, and Chap te r  I11 i s  devo ted  to t h e  documen ta t ion  
o f  a computer  program t h a t  may be used t o  s o l v e  t h e  equa- 
t i o n s  deve loped  i n  C h a p t e r  11. 
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11. THEORY 
1.1 C o n s i d e r  a sys t em,  S,  c o n s i s t i n g  of  t h r e e  r i g i d  b o d i e s  -
Bo, B1 and B2, as shown i n  F i g .  1.1, where Bo i s  composed 
1 I o f  r i g i d  b o d i e s  
1 . 3 .  B1 and B2 are  connec ted  t o  Bo a t  p o i n t s  A1 and 
A*, 
B3, B3, B4, B4 and B5, as shown i n  F i g .  
r e s p e c t i v e l y ,  and a r e  c o n s t r a i n e d  t o  move r e l a t i v e  t o  
Bo i n  a manner d e s c r i b e d  i n  S e e .  1.2. 
S e v e r a l  se t s  of u n i t  v e c t o r s  a re  needed i n  t h e  sequel .  
Every  v e c t o r  shown i n  F i g s .  1.1 - 1 . 3  b e l o n g s  t o  one  o f  a 
number of s e t s  o f  t h r e e  m u t u a l l y  p e r p e n d i c u l a r  u n i t  v e c t o r s ,  
v e c t o r s  n!’), i = 1,2,3, 
body Bj for t h e  mass c e n t e r  B o f  Bj, j = 1,2,3,4,5. 
U n i t  v e c t o r s  
a x e s  o f  B for B5. 5 
are  p a r a l l e l  t o  p r i n c i p a l  a x e s  o f  -1 * 
j 
n (0) , i = 1,2,3 a re  p a r a l l e l  t o  p r i n c i p a l  -i * 
Body Bo i s  assumed t o  be symmetr ic  as regards g e o -  
m e t r i c a l  and i n e r t i a l  p r o p e r t i e s ,  t h e  p l a n e  o f  symmetry 
b e i n g  p a r a l l e l  t o  t he  u n i t  v e c t o r s  
i s  s i m p l y  t h e  usual a s s u m p t i o n  o f  l e f t - r i g h t  symmetry of  
(O). T h i s  (O) and n3 ;,l 
t h e  human body,  which may be e x p e c t e d  t o  be v a l i d  whenever  
t h e  legs  occupy symmetr ic  p o s i t i o n s  r e l a t i v e  t o  t h e  t r u n k .  
( F o r  fur ther  d i s c u s s i o n  o f  t h i s  a s s u m p t i o n ,  see S e e .  1 . 5 . )  
The mass of Bj i s  d e n o t e d  by m j’ The mass of B1 
and B2 a r e  equal t o  e a c h  o t h e r  and are deno ted  by  m l .  
1 
B4 S i m i l a r l y ,  t h e  mass of  B3 and B3, and t h e  mass o f  
1 
and B4, a r e  equal to e a c h  o t h e r  and a r e  deno ted  by m3 
and m4, r e s p e c t i v e l y .  
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Fig. 1.1 
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Fig. 1.3 
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* 
The p r i n c i p a l  moments of i n e r t i a  o f  body Bi f o r  Bi 
a re  denoted  by I(i),  j = 1 , 2 , 3 ,  the  p r i n c i p a l  a x i s  a s s o c i -  
J 
(i) b e i n g  p a r a l l e l  t o  .-, n j ( i ) .  Again,  b e c a u s e  o f  a t e d  w i t h  I 
j 
t h e  symmetry c h a r a c t e r i s t i c s  o f  Bo, t h e  p r i n c i p a l  moments 
of  i n e r t r i a  o f  B3 and B4 are equal t o  c o r r e s p o n d i n g  p r i n -  
c i p a l  moments o f  i n e r t i a  o f  B3 and B4, r e s p e c t i v e l y .  
Fu r the rmore ,  it i s  assumed t h a t  B1 and B2 have  e q u i v a -  
l e n t  i n e r t i a l  and g e o m e t r i c a l  p r o p e r t i e s ,  i . e . ,  
j = 1 , 2 , 3 .  
I 1 
(2) = # ) ,  
I j  j 
1 . 2  _c T h e  p r e s c r i b e d  motion o f  Bl (B2)  r e l a t i v e  t o  Bo may 
be though t  o f  as a "con ing"  motion i n  which t h e  c e n t e r  l i n e  
of  B1(B2) a c t s  as a d i r e c t r i x  o f  a cone ,  C1 ( e 2 ) ,  w i t h  
apex  a t  A1 (A2), see F i g .  1.2. The v a r i a b l e s  al, p,, 
e l ,  O1 (a2, p2 ,  El2 ,  Q2), 
d e s c r i b i n g  t h i s  "con ing"  mot ion .  
d e f i n e d  s u b s e q u e n t l y ,  a r e  used i n  
( 0 )  L e t  Pi d e n o t e  a l i n e  p a r a l l e l  t o  t he  v e c t o r  ii , 
i = 1 , 2 , 3 ,  and l e t  Si - Sj d e n o t e  a p l a n e  c o n t a i n i n g  t h e  
l i n e s  Si a n d  Sj, 1, j = 1 , 2 , 3 .  Then,  t h e  a x i s  o f  el 
i s  l o c a t e d  w i t h  r e s p e c t  t o  Bo by two a n g l e s  a1 and f3,, 
where a1 i s  t h e  a n g l e  between Q1 and t h e  p r o j e c t i o n  o f  
t h e  a x i s  o f  e ,  o n t o  t h e  S1 - P3 p l a n e ,  and pl i s  t h e  
a n g l e  between t h e  a x i s  and t h e  p r o j e c t i o n  o f  t h e  a x i s  o n t o  
t h e  SI - S3 p l a n e .  
A r e f e r e n c e  frame, El, f i x e d  i n  e,, i s  d e f i n e d  b y  
t h e  u n i t  v e c t o r s  -1 E 
f i x e d  i n  t h e  cone e ,  and have  d i r e c t i o n s  s u c h  tha t  
J -2 E ( ' )  ' -3 E ( ~ ) ,  where these  v e c t o r s  a re  
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I '  
( i . e . ,  when t h e  c e n t e r l i n e  o f  arm B1 i s  fo rward  p a r a l l e l  
t o  " i o ) ) .  The c e n t e r l i n e  o f  B1 i s  l o c a t e d  w i t h  r e s p e c t  
t o  El by the  a n g l e s  and q1, where el i s  the  semi- 
v e r t e x  a n g l e  o f  
time i n d i c a t i n g  t h e  p o s i t i o n  o f  the  c e n t e r l i n e  of B1 on 
and G1 i s  a prescribed f u n c t i o n  of 5' 
el a t  t i m e  t ,  r e l a t i v e  t o  the  i n i t i a l  p o s i t i o n  a t  t = 0. 
S i m i l a r l y ,  the  "con ing"  motion o f  B2 i s  d e s c r i b e d  by t h e  
angles a2, D2, e 2 ,  Q2. 
B1 and B2, which r e p r e s e n t  the  arms o f  t h e  human 
body,  a r e  required to move r e l a t i v e  to 
c a l l y  f ea s ib l e  manner .  To e x p r e s s  t h i s  r e q u i r e m e n t  i n  a n a -  
Bo i n  a p h y s i o l o g i -  
l y t i c a l  terms, l e t  P1 be the p l a n e  c o n t a i n i n g  t h e  p o i n t s  
P, B, 
t he  a n g u l a r  v e l o c i t y  o f  B1 I 1  cu A1, C1, D1 ( F i g .  1 . 2 ) ;  - 
El Pl 
t h e  a n g u l a r  I I  cu P1; and - i n  a r e f e r e n c e  frame f i x e d  i n  
v e l o c i t y  o f  P1 i n  r e f e r e n c e  frame El. A p p r o p r i a t e  mo- 
t i o n s  o f  B1 a re  then t h o s e  t h a t  s a t i s f y  t h e  c o n s t r a i n t  
e q u a t i o n  
a n d ,  s i m i l a r l y ,  f o r  B2 
- 1.3 The e q u a t i o n s  o f  mot ion  a r e  o b t a i n e d  by use o f  t he  
angular momentum p r i n c i p l e .  S i n c e  i t  i s  assumed t h a t  t he  
s y s t e m  i s  i n  a s t a t e  o f  " f r e e  f a l l " ,  as was d i s c u s s e d  i n  
t h e  i n t r o d u c t i o n ,  t h e  sum of  the moments o f  a l l  c o n t a c t  and 
- 7 -  
g r a v i t a t i o n a l  f o r c e s  a b o u t  t he  system mass c e n t e r  i s  z e r o .  
T h e r e f o r e ,  from t h e  a n g u l a r  momentum p r i n c i p l e ,  t h e  a n g u l a r  
momentum of  t h e  sys t em w i t h  r e s p e c t  t o  t h e  system mass c e n -  
t e r  i s  c o n s t a n t  i n  an  i n e r t i a l  r e f e r e n c e  frame. I n  t h i s  
r e p o r t ,  t h i s  c o n s t a n t  i s  t a k e n  t o  be z e r o .  
The a n g u l a r  momentum, AS/’*, d o f  S r e l a t i v e  to S* 
i n  an  i n e r t i a l  r e f e r e n c e  frame can be e x p r e s s e d  as  
* 
B i b i  
where - A Q e n o t e s  t h e  a n g u l a r  momentum o f  Bi r e l a t i v e  
to Bi and A -. i s  t h e  a n g u l a r  momentum r e l a t i v e  t o  
S* of a p a r t i c l e  o f  mass mi l o c a t e d  a t  Bi. 
* Bi/S * 
* 
The a n a l y t i c a l  e x p r e s s i o n s  f o r  t h e  e l e m e n t s  o f  ( 1 . 3 )  
w i l l  be mean ingfu l  o n l y  a f t e r  fu r the r  d e f i n i t i o n  and r e l a -  
t i o n s h i p s  between e x i s t i n g  quagt i t ies  have  been d e s c r i b e d .  
For example,  t o  e x p r e s s  A a n a l y t i c a l l y ,  t h e  i n e r t i a  
p r o p e r t i e s  of  
p r o p e r t i e s  of B3, B3, B4,  B4 and B5. These  p r o p e r t i e s  as 
w e l l  as o t h e r  necessary q u a n t i t i e s  a re  d e t e r m i n e d  i n  s ec -  
t i o n s  t h a t  f o l l o w ,  and e x p r e s s i o n s  f o r  each term i n  ( 1 . 3 )  
Bo must be known i n  terms o f  t h e  i n e r t i a  
1 1 
a re  then  g i v e n .  
1 - e 4 The f o l l o w i n g  r e l a t i o n s h i p s  between u n i t  v e c t o r s  are  
n e e d e d :  
- 8 -  
where 
and t  
[.i“] 3 0 
where 
s a n d  c d e n o t e  s i n e  and  c o s i n e  f u n c t i o n s ,  i.e., 
S = s i n  (al), c = c o s  (pl), e t c .  
“1 @l 
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and 
Hence 
S 
$1 
S C 
q1 
s s  
$1 
C 
(1.7) 
where 
(1) s o  t ha t ,  i f  T i j  
and 
d e n o t e s  t he  e l e m e n t  i n  t h e  
jth column of [T( ')] ,  t h e n  
- 10 - 
b1 
8 
$1 
S 
S 
S 
S 
“1 
Bl 
“1 
C 
C 
S 
“1 
Bl 
“1 
C 
C 
S 
$1 
S 
S 
$1 
@l 
S 
S 
81 
C 
“1 
C 
al 
81 
“1 
S 
S 
S 
“1 
S 
S 
(%-l) 
+ 
I I 
S 
B, 
C 
S 
@l 
S 
$1 
$1 
$1 
C 
s 
C 
“1 
S 
“1 
c c  
@l 
C 
“1 
81 
“1 
5 
5 c c  
@l (1.10) 
q u a n t i t y  i n  [.‘”I i s  t h e  The o n l y  t i m e  dependent  
o f  t h e  e l e m e n t s  o f  angle  [.(’)I Hence,  t h e  t i m e  d e r i v a t i v e s  G1 are  
[sal 
+ 2 c  
“1 
S 
Bl 
C 
$1 I 
*l c s  
+ B, el 
-1 + s  s C 
$1 $1 1 @l S 
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1 ‘  
J @1 + s  c s “1 @l $1 
(1.11) 
A l l  n e c e s s a r y  t r a n s f o r m a t i o n  m a t r i c e s  r e l a t i n g  t h e  u n i t  
v e c t o r s  f i x e d  i n  B2 r& , i = 1 , 2 , 3  a n d  t h e  u n i t  v e c t o r s  
n , i = 1 , 2 , 3  may be o b t a i n e d  from ( 1 . 4 )  - (1.11) by -i 
( 2 )  
( 0 )  
r e p l a c i n g  t h e  s u p e r s c r i p t  (1) 
t h e  v e c t o r s  a n d  m a t r i c e s ,  a n d  
o f  t h e  a n g l e s  “1’ B,, 01’ $1 
gous t o  ( 1 .5 )  
by ( 2 )  whereve r  i t  a p p e a r s  i n  
by r e p l a c i n g  t h e  s u b s c r i p t  1 
by a 2 .  Fo r  example ,  a n a l o -  
- 1 2  - 
- 
s s  
"2 82 
C 
"2 
" 2  p2 
-s c 
C 
@2 
- 
-c  s 
"2 p2 
a2 
"2 p, 
S 
c c  
i 
0 
S 
p2 (1.12) 
can  be e x p r e s s e d  1.5 
a n a l y t i c a l l y  when t h e  g e o m e t r i c  and i n e r t i a  p r o p e r t i e s  of 
Bo a re  known. 
BO I n  (1.3) t he  f a c t o r s  i n v o l v i n g  
The as sumpt ion  t h a t  Bo i s  symmet r i c  i n  a l l  r e s p e c t s  
I I 
r e q u i r e s  t h a t  B3 and B3 (B4 and B4) be i d e n t i c a l  
r i g i d  b o d i e s ,  and t h a t  t h e  p o s i t i o n s  of B3 and B3 (B4 
and B4) r e l a t i v e  t o  
be tween a n y  two c o r r e s p o n d i n g  p o i n t s  o f  B3 a n d  B3 (B4 
and B4) r e m a i n s  p a r a l l e l  t o  a l i n e  c o n n e c t i n g  t h e  p o i n t s  
A4 and A4 ( i . e . ,  t h e  legs rema in  p a r a l l e l  f o r  a l l  c o n f i g -  
u r a t i o n s  of  B o ) .  A l s o ,  i n  t h i s  a n a l y s i s  B3 and B4 are  
required t o  remain  i n  a p l a n e  p a r a l l e l  t o  t h e  
p l a n e  ( S e c .  1.2), and i t  i s  assumed t h a t  t h e r e  e x i s t s  a 
1 
1 
be c o n s t r a i n e d  s u c h  t h a t  a l i n e  
I 
B5 
I 
I 
P1 - P3 
p r i n c i p a l  p l a n e  f o r  B3 and B4 p a r a l l e l  t o  t he  P1 - S3 
p l a n e .  
* 
The p r i n c i p a l  moments of i n e r t i a  o f  Bo f o r  Bo are 
* 
o b t a i n e d  from second moments o f  Bo r e l a t i v e  t o  Bo f o r  
d i r e c t i o n s  ;io), i = 1 , 2 , 3 ,  wh ich  a r e  i n  tu rn  o b t a i n e d  
* 
r e l a t i v e  t o  B j = 3,4,5, 
Bj j' 
f rom the  second moments o f  
f o r  t h e  d i r e c t i o n  E!") ,  i = 1,2,3. 
- 13 - 
f o r  
The second moment, 
t h e  d i r e c t i o n  n ( 0 )  
-i ' 
, of B3 r e l a t i v e  I. B 3 4  -1 
i = 1,2,3, i s  g i v e n  by  
t o  
* 
B3 
* 
S i m i l a r l y ,  
where 33 = 3, - 32 (1.15) 
- 14 - 
I I 
S i n c e  B3 and B3 (B4 a n d  B,+) are i d e n t i c a l ,  
F i n a l l y ,  
(1.16) 
where, i n  (1.13) - (1.17), t h e  quan t i t i e s  
j = 3,4,5, are  p r i n c i p a l  moments o f  i n e r t i a  d e f i n e d  i n  
Ii ( j ) ,  i = 1,2,3, 
S e e .  1.1. 
By the  p a r a l l e l  ax i s  theorem f o r  s econd  moments 
* 
Bj/B; B j / B j  B ; b ;  
= I .  + si , i = 1,2,3, j = 3,4, -1 I. -1 
(1.18) 
* 
where I. i s  t h e  second moment o f  t h e  p o i n t  B re -  
g a r d e d  as h a v i n g  a mass equal t o  t h e  mass, m 
i.e., 
-1 j 
of B j ,  
j' 
B*/B* 
= m  r j 0 x ( n ( 0 )  -i x r , i = 1,2,3 j -  I -i 
0.19) 
where 
)I B*/B* 3 o = [ - - ( m  2 1 s + m  a s + m 4  ~l 3 3 3, 4 4 33 r mO - 
- 15 - 
l e  + 2 m 4 J 4 c  
3 3 V I  y/3 
+ [k (- m5 a2 + 2 m 
( 1 . 2 0 )  
2 m ~ s  + r n 4 a 4 s  + r n b 3 $ ,  
L s )  
B&,+ 
= [ - , ( 3  3 Q1 @3 
r - 
a c + 2 m  c 
+ [& (- m5 a2  + m3 3 3, 4 4 33 
( 1 . 2 1 )  
and  
( 1 . 2 2 )  
+ m5 m 0 = 2 m 3 + 2 m 4  
Again, b e c a u s e  o f  equiva len t  i n e r t i a l  a n d  g e o m e t r i c a l  
I 
p r o p e r t i e s  and s y m m e t r i c a l  l o c a t i o n s  o f  B3 and B3 a n d  o f  
I 
B4 and B4, 
i = 1 , 2 , 3  ( 1 . 2 3 )  
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Also ,  
B * h *  5 0  B /8* = I  5 5 + 1 .  L i  -1 -i 7 
I B 5 4  i = 1,2,3 ( 1 . 2 4 )  
where 
and 
l c + 2 m  c 
+ [$ (- m5 “2 + * m3 3 3, 4 4 33 
( 1 . 2 6 )  
* 
F i n a l l y ,  t h e  second moment of Bo r e l a t i v e  to Bo f o r  t he  
d i r e c t i o n  L~ (O) i s  
* 
The p r i n c i p a l  moments of i n e r t i a  o f  Bo f o r  Bo, 
a r e  o b t a i n e d  from the  t h r e e  second 
I , i = 1,2,3 as follows: -i 
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where 
A s  Bo i s  symmetr ic  w i t h  r e s p e c t  t o  t h e  S1 - f3  p l a n e ,  
(0) %? i t  f o l l o w s  t h a t  t h i s  p l a n e  i s  a p r i n c i p a l  p l a n e ;  and 
i s  p a r a l l e l  t o  p r i n c i p a l  a x i s  o f  Bo f o r  Bo, t h e  a s s o c i -  
a t ed  p r i n c i p a l  moment o f  i n e r t i a  b e i n g  g i v e n  by  
* 
(1.30) 
The a n g l e ,  yl, between t h e  a x i s  o f  l a r g e s t  p r i n c i p a l  
moment of i n e r t i a ,  Iio), and a l i n e  p a r a l l e l  t o  ;io), i s  
g i v e n  b y  
(1.31) 
1 . 6  __I
e x p r e s s i o n s  f o r  t he  terms o f  ( 1 . 3 )  a r e  p r e s e n t e d ,  namely  
t h e  l o c a t i o n  o f  t h e  s y s t e m  mass c e n t e r ,  S , r e l a t i v e  t o  a 
One f u r t h e r  t o p i c  must be d i s c u s s e d  b e f o r e  a n a l y t i c a l  
* 
r e f e r e n c e  p o i n t ,  0, f i x e d  a t  some p o i n t  o f  S .  
L e t  0 be  t h e  p o i n t  o f  i n t e r s e c t i o n  o f  t h e  l i n e  be- 
tween A1 and A2 and t h e  SI - S 3  p l a n e .  Then 0 i s  
t h e  B5 and i n  the  p l a n e  o f  symmetry o f  BO , f i x e d  i n  
P1 - S 3  p l a n e .  The p o s i t i o n  v e c t o r  o f  0 r e l a t i v e  t o  t h e  
- 18 - 
8 .  
a nd  i s  * o/s * mass c e n t e r ,  S , o f  S is  d e n o t e d  by r 
g i v e n  by 
- 
- ml “1 (T33 + Ti;))] ;io)} 
where 
M = m o + 2 m l  
( 1 . 3 2 )  
- 1 (- m5 a2 + 2 m3 a 3  cql + 2 m J c 
4 4 33 0 m 
a4  = 
and 
”5 = mo - (m3 a 3 q1 + m4 J 4  sq3 + m4 L s )  3 3, -2 
If r -‘Is* i s  e x p r e s s e d  as 
t h e n  i t  f o l l o w s  from ( 1 . 3 2 )  that 
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( O )  = 1 [mO ( a 4  + L1) - ml a1 (T33 (1) + T33 
r3  M 
(1 .35)  
i n  Bo i s  o/s * The time d e r i v a t i v e  o f  r 
I 
g i v e n  by 
and from (1.35)  
(1 .36)  
-. 1.7 F i n a l l y ,  t h e  terms c o m p r i s i n g  (1 .3 )  can  be c l e a r l y  
e x p r e s s e d  a n a l y t i c a l l y .  A i s  g i v e n  by - 
(1 .38)  
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where 
BO and w - denotes  the angular  v e l o c i t y  of  Bo i n  an 
i n e r t i a l  r e f e r e n c e  frame. 
Next ,  
4 
A - B /B* = [A:/” il + 2 Ail 1/1* 
i=2 
r 4 1 
i = 2  J 
1 
L 
r 
where 
(1.40) k = l  
and  
- 21 - 
( 1 . 4 1 )  
S i m i l a r l y ,  
where 
3 
, i = 1, ..., 4 ,  j = 1 , 2 , 3 .  2/2 * ( 2 )  T(’) A i j  = 1 A i k  k j  
k = l  ( 1 . 4 3 )  
(2) a n d  A, , i = 1,.  . . , 4 ,  j = 1 , 2 , 3  a r e  o b t a i n e d  from ( 1 . 4 1 )  
L J  
by r e p l a c i n g  t h e  s u p e r s c r i p t  (1) o f  T i  by ( 2 ) ’  and t h e  
A d  
s u b s c r i p t  1 o f  el Q1, Q1 by a 2 .  
For  example,  
(2) = I(’) T ( 2 )  A ( 2 )  = - I p  s s i2, e t c .  
A21 1 11 ’ 1 2  82 Q2 
( 1 . 4 4 )  
Bi/S * * 
The a n g u l a r  momentum, A , r e l a t i v e  t o  S of a 
l o c a t e d  a t  Bo i s  
d 
* 
mO p a r t i c l e  o f  mass 
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Bi/S * Bi/S * 
= m  r 0 -  x v  - A (1.45) 
where 
and 
* *  
(1.47) 
S i n c e  a4,  a5' and L1 are c o n s t a n t s ,  
o/s * BO 
( 1 . 4 8 )  
where ri 4 0 )  i = 1,2,3 are  g iven  by ( 1 . 3 7 ) .  
S i m i l a r l y ,  
where 
(1.49) 
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a n d  
Also, 
* 
Bi/S * Bi/S * x v  B2 A = m, r - I -  - 
where 
a n d  
* 
BZ/S* BO d (:;/'*) 
- + d t  
BO - B2 v = w  x r  - 
* *  
(1.52) 
(1 .53)  
(1 -54) 
(1.55) 
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(1.56) 
Thus ,  all terms i n  (1 .3)  h a v e  been e x p r e s s e d  a n a l y t i -  
c a l l y ,  w i t h  c e r t a i n  m a t h e m a t i c a l  o p e r a t i o n s  s u c h  as c r o s s  
m u l t i p l i c a t i o n  and s e r i e s  summation l e f t  unpe r fo rmed .  How- 
e v e r ,  when a l l  o p e r a t i o n s  are p e r f o r m e d ,  t h e  terms of (1 .3)  
may be g rouped  i n t o  the  f o l l o w i n g  form: 
* * * 
+ [Aye + A 2 2  s/s !ill + A32 'Is R 2  + 
* * * 
+ [A:$ + A23 s/s !ill + A33 'Is CL2 + A 43 
A s  d i s c u s s e d  i n  Sec .  1.3,  t h e  e q u a t i o n s  o f  mot ion  a r e  ob-  
t a i n e d  by s e t t i n g  t h e  c o e f f i c i e n t s  of 
(1 .57)  equal t o  z e r o .  T h i s  l e a d s  t o  t h r e e  s i m u l t a n e o u s  non- 
n!'), i = 1,2,3, i n  
--1 
homogeneous l i n e a r  a l g e b r a i c  e q u a t i o n s  i n  al, Q2, " 3 ,  
which may be s o l v e d  s i m p l y  by a p p l y i n g  Cramer's Ru le .  
LI 1.8
the  o r i e n t a t i o n  o f  t h e  m a i n  body i n  terms of Euler  a n g l e s .  
A s t e p  i n  t h i s  d i r e c t i o n  i s  t o  d e t e r m i n e  c e r t a i n  Euler  
parameters f o r  t h e  m o t i o n .  
R e c a l l  t ha t  t h e  o b j e c t i v e  o f  t h i s  work i s  t o  d e t e r m i n e  
- 25 - 
The a n g u l a r  v e l o c i t y  components R1, 03' as found 
i n  S e e .  1 . 7 ,  are used i n  E u l e r ' s  k i n e m a t i c a l  e q u a t i o n s  for 
t h e  d e t e r m i n a t i o n  of  t h e  E u l e r  p a r a m e t e r s  E ~ ,  i = 1,2 ,3 ,  
a n d  rl of BO i n  an i n e r t i a l  r e f e r e n c e  frame : 
' = ,F 1 (R3 E2 - R E + "1 
€1 2 3  
( -  R3 El + R1 E3 + si2 q )  1 - E 2  - 'F 
q = -  $ (R1 + Q2 E 2  + Q 3  E 3 )  (1.58) 
If N . ,  i = 1 ,2 ,3  a r e  t h r e e  m u t u a l l y  p e r p e n d i c u l a r  .-l 
u n i t  v e c t o r s ,  e a c h  p a r a l l e l  t o  a n  a x i s  f i x e d  i n  a n  i n e r t i a l  
r e f e r e n c e  f r a m e ,  t h e n  t h e  E u l e r  p a r a m e t e r s  may be used t o  
e x p r e s s  t he  n i n e  d i r e c t i o n  c o s i n e s  r e l a t i n g  c2 (O) and gj, 
i, j = 1 ,2 ,3 ,  as shown i n  T a b l e  1.1. 
T a b l e  1.1 
N -1 
2 2 1 - '2 - E 3  
N -2 N-3 
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These  r e l a t i o n s h i p s  can a l s o  be e x p r e s s e d  i n  t h e  form 
where 
, ("} = 
and 
1.9 I n  terms o f  t h r e e  a x i s  Euler a n g l e s ,  el, e2, e 3 ,  with 
r o t a t i o n s  per formed i n  the o r d e r  ei, a b o u t  a n  a x i s  p a r a l l e l  
-1 ' -i t o  n .  (O) i = 3 , 2 , 1 ,  the d i r e c t i o n  c o s i n e s  r e l a t i n g  n ( 0 )  
and Nj, i, j = 1 , 2 , 3 ,  a r e  g i v e n  by T a b l e  1 . 2 .  
T a b l e  1 . 2  
N-1 
n (0) 
-1 
c s  
e2 e3 
- s  
e2 
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The o r d e r  o f  r o t a t i o n  d e s c r i b e d  above  was chosen  s o  
t h a t  t h e  change i n  o r i e n t a t i o n  a s s o c i a t e d  w i t h  
may be d e m o n s t r a t e d  w i t h  a m e c h a n i c a l  model s imilar  to a two 
a x i s  g y r o s c o p e ,  i n  which t h e  man p l a y s  t h e  par t  o f  t h e  r o t o r  
mounted on t h e  i n n e r  gimbal. 
e l ,  Q2, Q 3  
- 1.10 
can be found by e q u a t i n g  c e r t a i n  e l e m e n t s  o f  T a b l e  1.1, 
Table  1.2, and u s i n g  t h e  d e f i n i t i o n  o f  E g i v e n  by ( 1 . 6 0 ) .  
The e l e m e n t s  i n  t h e  f irst  row, t h i r d  column, show t h a t  
The t ime dependence  o f  t h e  Euler  a n g l e s  ei, i = 1,2,3, 
ij 
e2 = s i n  -1 ( -  E13) 
It i s  c o n v e n i e n t  t o  r equ i r e  t h a t  
1 
Next ,  i f  a q u a n t i t y  Q3 i s  d e f i n e d  as 
e3 I = sin-’  (2) 
and i s  r e q u i r e d  to s a t i s f y  
I 
- 4 2  I e I 7 4  3 
(1.61) 
( 1 . 6 2 )  
(1.63) 
t h e n  
1 e3 = e3 i f  Ell 2 0 
(1.64) 
and 
1 e 3 = r -  e3 i f  Ell < 0 
- 28 - 
I 
F i n a l l y ,  i f  i s  d e f i n e d  as 
1 = s i n  -1 (7) E23 
with the requirement that 
I 
4 2  5 el _< Tr/2 
t h e n  
I el = el i f  E33 2 0 
I el = T r  - if E33 < 0 
(1.65) 
(1.66) 
(1.67) 
T h e s e  t h r e e  Euler  a n g l e s ,  el, e2, Q 3 ,  t h e n  d e t e r m i n e  
t h e  o r i e n t a t i o n  o f  t h e  main body, Bo, i n  a n  i n e r t i a l  
r e f e r e n c e  frame. 
1.11 I-The a n g l e s  q1 and q52y d e f i n e d  i n  S e e .  1 . 2 ,  may be 
a n y  f u n c t i o n s  o f  time c o m p a t i b l e  w i t h  p h y s i o l o g i c a l l y  p o s s i -  
b l e  m o t i o n s  o f  t he  arms. However, i f  it i s  assumed t h a t  
i n i t i a l l y  ( t  = 0)  Bo i s  a t  rest  i n  a n  i n e r t i a l  frame, 
t h e n  i t  f o l l o w s  from the  r e q u i r e m e n t  A s/s * = 0, t h a t  - 
G1(0) = 02(0) = 0, i . e . ,  t h e  arms, B1 and B2, have  no  
mot ion  r e l a t i v e  to Bo. 
It may be d e s i r e d  to f i n d  t he  r e o r i e n t a t i o n  o f  Bo 
when t h e  arms h a v e  comple ted  one c y c l e  o f  m o t i o n ,  i . e . ,  
when B1 and B2 have  swept once  a round  t h e i r  r e s p e c t i v e  
c o n e s ,  and C 2 .  The only a d d i t i o n a l  requirement on O1 
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and o2 i s  t h a t  f o r  some t ime T ,  G1(T) = Q2(T)  = 277- ( t h e  
arms have  r e t u r n e d  to t h e i r  o r i g i n a l  p o s i t i o n ) .  
Once t h e  matr ix  [ E . . ] ,  see (1.60), has been d e t e r -  
1 J  
mined f o r  o n e  c y c l e ,  t h e  E u l e r  a n g l e s  f o r  n c y c l e s  can  be 
found by u s i n g  t h e  m a t r i x  [E i j ]  and p r o c e e d i n g  as i n  
S e e .  1 .10.  
n 
1.12 -
t h a t  t h e  p e r t i n e n t  e q u a t i o n s  may be r e a d i l y  s o l v e d  by  means 
The p r e c e d i n g  a n a l y s i s  i s  p r e s e n t e d  i n  a form such 
o f  a d i g i t a l  computer  f o r  t h e  d e s i r e d  q u a n t i t i e s ,  el, e*,  
a s s o c i a t e d  w i t h  t h e  m o t i o n .  A program f o r  t h i s  s o l u -  O3’ 
t i o n  i s  documented i n  C h a p t e r  111. I n  e s s e n c e  t h i s  program 
p e r f o r m s  the  o p e r a t i o n s  i n d i c a t e d  i n  e q u a t i o n s  (1 .lo), 
( 1.11 ) , ( 1 3 2 )  , ( 1.37) , ( 1.38) , ( 1.41 ) , ( 1.40) , ( 1.39) , 
(1*42)9 (1*47), (1*45), (1.49)J (1*51), (1-55), (1.53), 
(1.58), (1.60), (1.61), (1.64), (1.67). 
111. COMPUTER PROGRAM 
I n  t h i s  c h a p t e r  t h e  problem d i s c u s s e d  i n  C h a p t e r  I1 i s  
programmed i n  F o r t r a n  I V  l anguage  f o r  s o l u t i o n  on t h e  IBM 
360/67 d i g i t a l  compute r .  
To use t h i s  program one need  o n l y  know what d a t a  must 
be s u p p l i e d  and i n  what units these  da ta  a re  g i v e n .  For 
t h i s  p u r p o s e  t h e  i n p u t  and o u t p u t  data  a re  d e s c r i b e d  i n  
d e t a i l .  
To a i d  t h e  r e a d e r  who may w i s h  t o  f o l l o w  the  program 
t h r o u g h  s t e p  by s t e p ,  a documen ta t ion  o f  e a c h  s u b r o u t i n e  i s  
p r e s e n t e d .  U s u a l l y  i t  i s  l e s s  d i f f i c u l t  t o  f o l l o w  mathema- 
t i c a l  l a n g u a g e  t h a n  t h e  c o r r e s p o n d i n g  t r a n s l i t e r a t i o n  of 
t h i s  l a n g u a g e  i n t o  computer  program l a n g u a g e .  To h e l p  t h e  
reader  i n  f o l l o w i n g  t h i s  t r a n s l i t e r a t i o n ,  many o f  t h e  equa- 
t i o n s  i n  t h e  program are  r e f e r r e d  to by t h e i r  c o r r e s p o n d i n g  
e q u a t i o n  numbers  i n  C h a p t e r  11. 
A l i s t i n g  o f  t h e  comple te  program i n c l u d i n g  e a c h  sub- 
r o u t i n e  i s  g i v e n  i n  t h e  example problem d i s c u s s e d  i n  S e c .  
2.13. 
- 2 . 1  The p u r p o s e  o f  t h e  main program, FREFALI, i s  to d e t e r -  
mine t h e  o r i e n t a t i o n  o f  t h e  main body,  
an  i n e r t i a l  r e f e r e n c e  frame by means o f  t h r e e - a x i s  E u l e r  
a n g l e s ,  f o r  a maneuver i n  which B1 and B2 p e r f o r m  one 
c y c l e  o f  t h e  "con ing"  motion d e s c r i b e d  i n  C h a p t e r  11. 
Bo, w i t h  r e s p e c t  to 
I n  t h i s  program t h e  i n e r t i a  and g e o m e t r i c  p r o p e r t i e s  
o f  Bo are  s u p p l i e d  as i n p u t  d a t a .  T h e r e f o r e ,  t h e  
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p r o p e r t i e s  must be found by hand c a l c u l a t i o n s  ( f o r  s imple  
c o n f i g u r a t i o n s )  or by u s i n g  a separate program i n  which the  
s u b r o u t i n e  INRTBO i s  u s e d  t o  make these  c a l c u l a t i o n s .  I n  
See.  2 . 2  a program i n c l u d i n g  INRTBO i s  d i s c u s s e d .  
PROGRAM: FREFALl 
SUBROUTINES REQUIRED: ELMAIN, ANGMOM, CURLAB, SIMEQ, 
DFEQKM, DCOSEP, EULER3. 
INPUT DATA: 
F i r s t  Da ta  Card C o n t a i n s  f i v e  numbers  a c c o r d i n g  t o  t h e  
format  E12.4 i n  t h e  f o l l o w i n g  o r d e r :  
The a n g l e s ,  al, a2', el, €I2, are g i v e n  i n  d e g r e e s  and  m 0 
i s  g i v e n  i n  s l u g s .  
Second Data Card C o n t a i n s  f i v e  numbers  a c c o r d i n g  t o  t h e  
f o r m a t  E12.4 i n  t h e  f o l l o w i n g  o r d e r :  
where ml i s  i n  s lugs;  al, bo, and L1 a re  g i v e n  i n  
f e e t ;  and y1 i s  i n  r a d i a n s .  
T h i r d  Data C a r d  C o n t a i n s  two numbers  a c c o r d i n g  to t h e  
f o r m a t  E12.4 i n  t h e  f o l l o w i n g  o r d e r :  
-
"4' a5 
where a4  and  a5 are  g i v e n  i n  f e e t .  
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F o u r t h  Data Card C o n t a i n s  two numbers  a c c o r d i n g  t o  t he  
format E12.4  i n  t h e  o r d e r :  
-d 
where 8, and B, are g i v e n  i n  d e g r e e s .  
F i f t h  I_-- Data C a r d  C o n t a i n s  two numbers  a c c o r d i n g  t o  t h e  
f o r m a t  E12.4 i n  the  o r d e r :  
2 where these  numbers a r e  g iven  i n  s lug - f t  . 
S i x t h  Data C a r d  C o n t a i n s  t h e  numbers 
2 g i v e n  i n  s lug - f t  . 
S e v e n t h  - Data C a r d  C o n t a i n s  t h e  numbers 
2 g i v e n  i n  s lug - f t  . 
The f u n c t i o n s  Q1, Gl, @2 and q2 must be s u p p l i e d  
i n  ELMAIN as program statements.  
OUTPUT DATA: 
The va lues  o f  t h e  t h r e e - a x i s  E u l e r  a n g l e s  el, e 2 ,  e3 
a re  t h e  main o u t p u t  q u a n t i t i e s .  T h e s e  a n g l e s  a re  c a l c u l a t e d  
i n  t h e  l a s t  s u b r o u t i n e ,  EULER3, c a l l e d  i n  FREFALl. The 
a n g l e s  a re  g i v e n  i n  r a d i a n s  a n d  i n  d e g r e e s ;  t h e  f i r s t  number 
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i n  e a c h  column b e i n g  i n  r a d i a n s  and t h e  second number i n  
degrees .  Note t h a t  t h e  a n g l e s  a r e  p r i n t e d  o u t  o n l y  when 
I P 2  = 1 i n  t h e  argument  of  s u b r o u t i n e  EULER3. 
INTERMEDIATE DATA: 
Othe r  d a t a  c a l c u l a t e d  by t h e  s u b r o u t i n e s  may be p r i n t e d  
by u s i n g  a p p r o p r i a t e  p r i n t  o p t i o n s  c o n t a i n e d  i n  e a c h  sub- 
r o u t i n e  . 
- 2 . 2  The i n e r t i a l  a n d  g e o m e t r i c a l  p r o p e r t i e s  o f  Bo f o r  
o t h e r  t han  s i m p l e  c o n f i g u r a t i o n s  a re  found by  u s i n g  t h e  sub- 
r o u t i n e  INRTBO. These  c a l c u l a t i o n s  may be made  t h r o u g h  a 
s e p a r a t e  program i n  which  t h e  p r o p e r t i e s  o f  t h e  b o d i e s  com- 
p r i s i n g  Bo a r e  t h e  i n p u t  data  and t h e  p r o p e r t i e s  o f  Bo 
as a whole a re  the  o u t p u t  da t a ,  o r  a n o t h e r  main program,  s a y  
FREFAL2, may be w r i t t e n  which  i n c l u d e s  INRTBO. F o r  t h e  
reader  who may w i s h  t o  make t h i s  m o d i f i c a t i o n ,  INRTBO has 
been i n c l u d e d  i n  t h e  documen ta t ion  of t h e  s u b r o u t i n e s .  
- 2 . 3  I f  it i s  d e s i r e d  t o  o b t a i n  t h e  t h ree -ax i s  Euler a n g l e s  
a s s o c i a t e d  w i t h  a r e o r i e n t a t i o n  r e s u l t i n g  from a maneuver 
i n  which t h e  arms c o m p l e t e  more t h a n  one  f u l l  c y c l e  of mo- 
t i o n ,  t h e n  t h e  main program XROTT may be used.  XROTT uses 
t h e  da t a  o b t a i n e d  from one c y c l e  o f  t h e  mot ion  t o  f i n d  t h e  
r e o r i e n t a t i o n  f o r  n c y c l e s ,  where n i s  a n y  p o s i t i v e  
i n t e g e r  g r e a t e r  t h a n  o n e .  
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PROGRAM: XROTT 
SUBROUTINES REQUIRED: MTXMLT, EULER3 
INPUT DATA: 
The i n p u t  d a t a  c o n s i s t  o f  the  e l e m e n t s  of two matrices, 
E and B, of d i r e c t i o n  c o s i n e s .  E i s  the  matrix of  d i r e c -  
t i o n  c o s i n e s  a s s o c i a t e d  w i t h  one  c y c l e  o f  t he  maneuver and 
i s  o b t a i n e d  from FREFALl as o u t p u t  f rom the  s u b r o u t i n e  
DCOSEP. B i s  i d e n t i c a l  to E when t h e  c a l c u l a t i o n s  are 
made  b e g i n n i n g  w i t h  two c y c l e s ,  t h e n  t h ree  c y c l e s ,  e t c . ,  up 
to n c y c l e s .  However, if t h e  r e o r i e n t a t i o n  f o r  n c y c l e s  
i s  known, t h e n  t h e  r e o r i e n t a t i o n  f o r  m c y c l e s ,  m > n ,  
may be found w i t h o u t  s t a r t i n g  o v e r  a t  two c y c l e s  and c a l c u -  
l a t i n g  t o  m c y c l e s .  To do t h i s  t h e  B m a t r i x  i s  t h e  
m a t r i x  o f  d i r e c t i o n  c o s i n e s  f o r  n c y c l e s ,  E i s  unchanged;  
and M i n  t h e  argument  o f  MTXMLT i s  equal to m-n, see t h e  
d o c u m e n t a t i o n  o f  MTXMLT given i n  S e c .  2 . 1 0 .  
Data C a r d s  
T h e r e  are  s i x  da ta  c a r d s ,  e a c h  c o n t a i n i n g  t h r e e  numbers 
a c c o r d i n g  t o  t h e  f o r m a t  E12.4 r e p r e s e n t i n g  one  row o f  t h e  
two i n p u t  m a t r i c e s .  The f i r s t  t h ree  c a r d s  c o n t a i n  t h e  
e l e m e n t s  o f  t h e  E m a t r i x ,  t h e  f i r s t  c a r d  r e p r e s e n t i n g  t he  
f i r s t  row o f  E, e t c .  The n e x t  t h ree  c a r d s  c o n t a i n  t h e  
rows o f  B i n  o r d e r .  
OUTPUT DATA: 
Again t h e  t h r e e - a x i s  E u l e r  a n g l e s  are  t h e  o u t p u t  da t a  
and are  d i s p l a y e d  as desc r ibed  p r e v i o u s l y  i n  S e c .  2 . 1 .  
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2.4 SUBROUTINE: ANGMOM 
PURPOSE: To d e t e r m i n e  t h e  components  o f  t h e  a n g u l a r  momen- 
-
tum v e c t o r ,  ,&, '"*, o f  t h e  system, S,  w i t h  r e s p e c t  t o  
* t h e  mass c e n t e r  S . T h i s  sub rou t ine  d e t e r m i n e s  t h e  compo- 
of A i j  n e n t s  
where 
BO and CD - d e n o t e s  t he  a n g u l a r  v e l o c i t y  o f  Bo i n  a n  
i n e r t i a l  r e f e r e n c e  frame. See Chapter 11, See.  1 . 7  f o r  
f u r t h e r  d e t a i l s .  
SUBROUTINES REQUIRED: CURLAB 
CALL ANGMOM ( G A M 1 ,  ALP, THT, PH, DPH, MO, M1, B1, B4, B5, 
BO, LL I, ASS$, I P ~ ,  1 ~ 2 ,  BET) 
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PARAMETERS: 
PARM 
G A M l  
ALP 
THT 
PH 
DPH 
MO 
M1 
B1 
B4 
TYPE 
~~ 
Real v a r i a b l e  
Real a r r a y  
(2x1 ) 
Real a r r a y  
(2x1 ) 
Real a r r a y  
( 2x1 ) 
Real a r r a y  
( 2x1 1 
Real v a r i a b l e  
Real v a r i a b l e  
Real v a r i a b l e  
Real v a r i a b l e  
DESCRIPTION 
The a n g l e  between t h e  ax i s  o f  maximum 
* i n e r t i a  o f  body Bo f o r  Bo and 
t h e  gl ( 0 )  ax i s .  
Note:  G A M l  = 0 for l e g s  c o m p l e t e l y  
ex tended  i n  t h e  a t t e n t i o n  p o s i t i o n .  
If t h e  legs  a re  i n  a " t u c k e d "  p o s i -  
t i o n ,  G A M l  i s  c a l c u l a t e d  i n  INERTBO. 
The a n g u l a r  p o s i t i o n  o f  t h e  arms, 
b o d i e s  B1 and B2, i n  t h e  
f1 - f p l a n e .  3 
The cone a n g l e s ,  el and e 2 ,  o f  
t h e  m o t i o n s  o f  b o d i e s  B1 and B2. 
r e s p e c t i v e l y .  
The a n g u l a r  p o s i t i o n s  o f  B1 and B2 
r e l a t i v e  t o  t h e i r  i n i t i a l  p o s i t i o n s ,  
s p e c i f i e d  as e x p l i c i t  f u n c t i o n s  o f  
t i m e .  
The time d e r i v a t i v e  o f  PH. 
The mass o f  body Bo wh ich  i n c l u d e s  
t h e  h e a d ,  n e c k ,  trunk and l egs .  
The mass o f  b o d i e s  B1 and B2. 
The d i s t a n c e  be tween B1 or B2 
and the  r e s p e c t i v e  p o i n t s  o f  
a t t a c h m e n t  A1 or A2. 
* * 
The measure number o f  t h e  p o s i t i o n  
v e c t o r  of 0 '  w i t h  r e s p e c t  t o  
a l o n g  t h e  f 3  a x i s .  (B4 i s  nega -  
t i v e  as shown i n  F i g .  1.1.) 
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PARM 
~ 
B5 
BO 
L1 
I 
ASS$ 
I P 1  
I P 2  
BET 
TYPE 
ieal v a r i a b l e  
i e a l  v a r i a b l e  
3ea l  v a r i a b l e  
3 e a l  a r r a y  
( 3 x 2 )  
Real  a r r a y  
( 4x3 ) 
I n t e g e r  
v a r i a b l e  
I n t e g e r  
v a r i a b l e  
Real a r r a y  
( 2x1 ) 
DESCRIPTION 
Che measure number o f  t h e  p o s i t i o n  
I * 
v e c t o r  o f  0 w i t h  r e s p e c t  t o  Bo 
a l o n g  the  B1 a x i s .  ( B 5  i s  nega -  
t i v e  as shown i n  F i g .  1.1.) 
rhe d i s t a n c e  between t h e  g3 a x i s  
and t h e  p i v o t  p o i n t  A1 o r  A*. 
The d i s t a n c e  between p o i n t s  0 a n d  
0'. 
The p r i n c i p a l  moment o f  i n e r t i a  o f  
b o d i e s  Bo and B1 (B2 same as 
Bl)  f o r  
c e n t e r s .  
p e c t i v e  mass 
= I, B o b 6  
I(2,l) = 
t h e i r  res 
I 
e t c  . ] 
The a n g u l a r  momentum components 
d e t e r m i n e d  by  t h i s  program.  
P r i n t  o p t i o n ,  I P 1  = 1 => p r i n t  i n -  
p u t  d a t a ,  o t h e r w i s e  no  p r i n t .  
I P 2  = 1 => p r i n t  o u t p u t  d a t a ,  o t h e r -  
wise no  p r i n t .  
A d d i t i o n a l  a n g l e s  required t o  l o c a t e  
t h e  cone  a x e s  of  B1 and B2. 
Note : Angles  a r e  i n  r a d i a n s ,  masses i n  s lugs ,  l e n g t h s  i n  
f e e t ,  moments o f  i n e r t i a  i n  s lug- fee t  . 2 
2 .5  -- SUBROUTINE: CURL 
PURPOSE: To  f i n d  t h e  components  o f  t h e  c r o s s  p r o d u c t  o f  
two v e c t o r s  A - and B - where 
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A = a  n -. 1 -1 
~ 
A 
B 
C 
3 n-3 B = b  n + b 2 n 2 + b  - 1 -1 
a n d  
The two v e c t o r s  i n v o l v e d  i n  t h e  
o p e r a t i o n  A - X B. 
- - - 
Real a r ray  
( 3x1 1 
( 3x1 ) 
( 3x1 
Real a r ray  
Real array The  r e s u l t i n g  v e c t o r ,  C = A x B. 
c = A X B = ( a  b - a3 b 2 )  zl + ( a3  bl - al b3) 5 - 2 3  - - 
+ ("1 b2 - a2 b l >  n3 ( 2 . 4 )  
CALL CURL ( A ,  B, C ,  I P 1 ,  IP2)  
PARAMETERS: 
I P1 
I P 2  
PARM I TYPE I DESCRIPTION 
P r i n t  o p t i o n s ;  I P 1  = 1 => p r i n t  
i n p u t  d a t a ;  I P 2  = 1 => p r i n t  
o u t p u t  d a t a ,  o therwise  n o  p r i n t .  
I n t e g e r  
In t ege r  
v a r i a b l e  
v a r i a b l e  
2 .6  _L SUBROUTINE : CURLAB 
PURPOSE: To f i n d  t h e  components o f  t he  c r o s s  p r o d u c t  o f  two 
v e c t o r s  A and  B where 
-. 
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If 
t h e n  
C = ( C  + c~~ + C31 + C41) Inl + (c12 + ... + cQ2) I n 2  - 11 
+ C13 + . . .  + C 4 3 )  1n3  ( 2 . 8 )  
where 
SUBROUTINES REQUIRED: None 
CALL CURLAB ( A ,  B, C ,  I P 1 ,  I P 2 )  
PARAMETERS : 
PARM 
A 
B 
C 
I P 1 ,  
I P 2  
TYPE 
R e a l  a r r a y  
(4x3)  
Real a r r a y  
( 3x1 ) 
Real a r r a y  
(4x3)  
I n t e g e r  
v a r i a b l e  
DESCRIPTION 
The v e c t o r  expressed i n  ( 2 . 5 ) .  
The v e c t o r  e x p r e s s e d  i n  ( 2 . 6 ) .  
Resu l t  o f  A - X B - w i t h  e l e m e n t s  
g i v e n  by  ( 2 . 8 )  and ( 2 . 9 ) .  
P r i n t  o p t i o n s ;  I P 1  = 1 => p r i n t  
i n p u t ;  I P 2  = 1 => p r i n t  o u t p u t ,  
o t h e r w i s e  no  p r i n t .  
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2 .7  SUBROUTINE: DCOSEP 
PURPOSE: To c a l c u l a t e  t h e  n i n e  d i r e c t i o n  c o s i n e s  a s s o c i a t e d  
w i t h  t he  E u l e r  parameters r e l a t i n g  two se t s  of m u t u a l l y  pe r -  
p e n d i c u l a r  unit v e c t o r s ,  n and  Nj, i, j = 1,2,3, from 
the  following table:  
-
-i 
T a b l e  2 . 1  
n -1 
n -2 
N-1 
2 2 1 - E 2  - E3 
“1 ‘ 3  + €2 17 2 2 ‘ 2  ‘ 3  - €1 17 I 1 - ‘1 - ‘2 
R e f e r e n c e :  T a b l e  1.1, See.  2 . 8  o f  Chapter 11. 
SUBROUTINES REQUIRED: None 
CALL DCOSEP (EPS, E, I P 1 ,  I P 2 )  
PARAMETERS: 
PARM 
EPS 
E 
I P 1 ,  
I P 2  
TYPE 
Real array 
( 4x1 ) 
R e a l  a r r ay  
( 3x3) 
In teger  
va r i ab le  
DESCRIPTION 
The i n p u t  values o f  t h e  E u l e r  
p a r a m e t e r s  EPS(1 )  = E ~ ,  e t c .  
The r e s u l t i n g  matrix of  d i r e c t i o n  
c o s i n e s  as g i v e n  by T a b l e  2 .1 .  
I P 1  = 1 => p r i n t  i n p u t  d a t a ;  
I P 2  = 1 => p r i n t  ou tput  d a t a ,  
o t h e r w i s e  n o  p r i n t .  
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2.8 SUBROUTINE: ELMAIN -
PURPOSE : 
1. 
2. 
3 .  
To i n i t i a l i z e  t he  i n p u t  d a t a  f rom FREFALl f o r  use 
i n  t h e  s u b r o u t i n e s  ANGMOM and  SIMEQ which a re  
c a l l e d  i n  ELMAIN. 
To supply e x p r e s s i o n s  f o r  t h e  q u a n t i t i e s  
G2, $2, 
ELMAIN. 
To p r o v i d e  E u l e r  Is k i n e m a t i c a l  e q u a t i o n s  t h r o u g h  
a n  ENTRY p o i n t  (ENTRY ELRKEQ) when ELRKEQ i s  c a l l e d  
i n  s u b r o u t i n e  DFEQKM. 
G1, Gl, 
which a re  g i v e n  by  program s t a t e m e n t s  i n  
SUBROUTINES REQUIRED: ANGMOM, SIMEQ. 
( T h e s e  have been l i s t e d  as r e q u i r e d  i n  FREFALl but a re  
a c t u a l l y  c a l l e d  i n  ELMAIN. ) 
CALL ELMAIN (GAM1,  ALP, THT, BET, MO, M 1 ,  A l ,  A 4 ,  A 5 ,  BO, 
L1,  1) 
PARAMETERS: A l l  p a r a m e t e r s  i n  t he  argument  o f  ELMAIN are  
i n p u t  q u a n t i t i e s  t o  FREFAL1 and a re  d e s c r i b e d  l a t e r  i n  t h e  
p a r t i c u l a r  s u b r o u t i n e s  i n  which  t h e y  a r e  u s e d ,  i . e . ,  none  
o f  t h e s e  q u a n t i t i e s  are  used  i n  e x p r e s s i o n s  i n  ELMAIN. 
2 .9  SUBROUTINE: EULER3 -
PURPOSE: To f i n d  t h e  t h r e e  a x i s  E u l e r  a n g l e s  el, Q2, Q3 
from t h e  g i v e n  d i r e c t i o n  c o s i n e  mat r ix  when t h e  r o t a t i o n s  
a re  performed i n  t h e  o r d e r  e 3 ,  e2 ,  el a b o u t  r e s p e c t i v e  
body f i x e d  a reas .  See Sec.  1 .9 ,  C h a p t e r  I1 f o r  the  t h e o r y  
i n v o l v e d .  
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SUBROUTINES REQUIRED: None 
CALL EULER3 (E ,  T ,  I P 1 ,  I P 2 )  
PARAMETERS: 
PAW 
E 
T 
I P 1  
I P 2  
No te :  
TYPE 
Real array 
(3x3) 
( 3x1 1 
Real a r r a y  
I n t e g e r  
va r i ab le  
I n t e g e r  
va r i ab le  
DESCRIPTION 
The g i v e n  mat r ix  o f  d i r e c t i o n  c o s i n e s  
E ( 1 ,  J) = Ei j .  
The r e s u l t i n g  t h ree  a x i s  E u l e r  
a n g l e s .  [ T ( 1 )  = el, e t c . ]  
I P 1  = 1 => p r i n t  i n p u t  d a t a ,  o t h e r -  
w i s e  n o  p r i n t .  
I P 2  = 1 => p r i n t  o u t p u t  d a t a ,  
o t h e r w i s e  n o  p r i n t .  
Angles  a r e  g i v e n  i n  r a d i a n s .  
- 2 . 1 0  SUBROUTINE : INRTBO 
PURPOSE: To d e t e r m i n e  t h e  i n e r t i a  p r o p e r t i e s  and l o c a t e  
t h e  p r i n c i p a l  axes  o f  i n e r t i a  o f  body 
c e n t e r  Bo. 
Bo f o r  t h e  mass * 
The t h e o r y  i s  g iven  i n  Chapter 11, S e e .  1 .5 .  
SUBROUTINES REQUIRED: CURL 
CALL INRTBO (INRT, MASS, BETA, LL3, CL3, LL4, A2, A 3 ,  I, 
G A M 1 ,  A 4 ,  A5, I P 1 ,  I P 2 )  
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PARAMETERS: 
PARM 
INRT 
MASS 
BET A 
LL3 
CL3 
LL 4 
A2 
A 3  
I 
GAM1 
TYPE 
Real  array 
(3x3) 
Real  a r r a y  
(3x1)  o r  ( 3 )  
Real  a r r a y  
(2) 
Real  
v a r i a b l e  
Rea l  
v a r i a b l e  
Rea l  
v a r i a b l e  
Rea l  
v a r i a b l e  
Rea l  
v a r i a b l e  
Real a r r a y  
(3, 3 )  
Real 
v a r i a b l e  
DESCRIPTION 
The i n e r t i a  p r o p e r t i e s  of  t h e  i n d i -  
v i d u a l  b o d i e s  for t h e i r  mass 
c e n t e r s  s t o r e d  by columns i n  t h e  
o r d e r :  
c o l .  3, B5. 
MASS(1) = m3, MASS(2) = m 4 ,  
MASS(3) = m5. 
c o l .  1, B3; c o l .  2 ,  B4; 
The mass of t h e  i n d i v i d u a l  b o d i e s ;  
The angles B, and B2 d e s c r i b e d  i n  
BET(1) = p, C h a p t e r  11, S e e .  1 . 2 .  
BET(2) = p, .  
3 LL3  = R ( s e e  F i g .  1 . 3 ) .  
CL3 = L3 ( s e e  F i g .  1 . 3 ) .  
LL4 = e 4  ( s e e  F i g .  1 . 3 ) .  
A 2  = a2 ( s e e  F i g .  1 . 3 ) .  
A3 = a3 (see  F i g .  1 . 3 ) .  
P r o d u c t s  and p r i n c i p a l  moments of * 
i n e r t i a  of B for Bo. I(1,J) = 
Iij’ see (1.29). 
Note :  112 = 121 = 123 - 132 = 0. 
L o c a t e s  t h e  p r i n c i p a l  a x i s  a s s o c i a t e d  
w i t h  Ill = I1 w i t h  r e s p e c t  t o  t h e  
S1 a x i s  ( t h e  p r i n c i p a l  a x i s  o f  
for B5 a s s o c i a t e d  w i t h  I1 5 5 ) .  * B-/B*B5 
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PARM 
A 4  
A 5  
I P 1  
I P 2  
TYPE 
R e a l  
v a r i a b l e  
Real 
v a r i a b l e  
I n t e g e r  
I n t e g e r  
DESCRIPTION 
of p o i n t  0 '  r e l a t i v e  t o  mass 
c e n t e r  B: p a r a l l e l  t o  3 a x i s .  
See (1 .33) .  
- n ( 0 )  = l o c a t i o n  O ' D ;  
-1 * 
o f  p o i n t  O' r e l a t i v e  t o  B~ 
A 5  = a 5 = E  
p a r a l l e l  t o  t h e  g1 a x i s .  See  
( 1 . 3 3 ) .  
I P 1  = 1 => p r i n t  i n p u t  data;  I P 1  + 
1 => no p r i n t  o u t .  
IP2  = 1 => p r i n t  o u t p u t  d a t a .  
2 . 1 1  SUBROUTINE: MTXMLT 
PURPOSE: To d e t e r m i n e  t h e  m a t r i x  C r e s u l t i n g  from t h e  
m u l t i p l i c a t i o n  o f  two s q u a r e  m a t r i c e s  A and B of  o r d e r  
3, or from r a i s i n g  a s q u a r e  m a t r i x  o f  o r d e r  3 t o  t h e  m 
power .  
-- 
t h  
SUBROUTINES REQUIRED : None 
CALL MTXMLT ( A ,  B, C, M ,  I P R 1 ,  IPR2, I P R 3 )  
- 45 - 
PARAMETERS: 
PARM 
A 
B 
C 
M 
I P R l  
IPR2 
IPR3 
-- 
TYPE 
Real a r r a y  
Real  a r r a y  
Real  a r r a y  
(3x3) 
(3x3) 
( 3x3) 
I n t e g e r  
v a r i a b l e  
I n t e g e r  
v a r i a b l e  
In t ege r  
v a r i a b l e  
In t ege r  
v a r i a b l e  
DES C R I  PT I ON 
One o f  t h e  i n p u t  mat r ices .  
The o t h e r  i n p u t  m a t r i x .  
The r e s u l t  of A X B o r  ( A ) m .  
M 5 2  => mult .  A X B; M = N > 2 => 
r a i se  A t o  nth power. 
IPRl  = 1 => p r i n t  i n p u t  d a t a ,  o t h e r -  
wise no p r i n t .  
IPR2 = 1 => p r i n t  o u t p u t  d a t a ,  o t h e r -  
wise no  p r i n t .  
IPR3 = 1 => p r i n t  i n t e r m e d i a t e  d a t a ,  
o t h e r w i s e  no  p r i n t .  
2 . 1 2  - SUBROUTINE: SIMEQ 
PURPOSE: To s o l v e  t h e  f o l l o w i n g  s y s t e m  o f  t h r e e  s imulta-  
n e o u s  l i n e a r  a lgeb ra i c  e q u a t i o n s  i n  xl, x2, x3. 
“21 x1 + a31 x2 + “ 4 1  x3 = - “11 
a22 -k a32 x2 + ‘42 x3 = - a12 ( 2 . 1 1 )  
a 2 3  xi + ”33 x2  + a43 x3  = - “13 
SUBROUTINES REQUIRED: None 
CALL SIMEQ ( A ,  X ,  I P 1 ,  I P 2 )  
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PARAMETERS: 
PARM 
A 
X 
IP1 
IP2  
TYPE 
R e a l  a r r a y  
( 4x3) 
Real a r r a y  
(3x1 1 
I n t e g e r  
v a r i a b l e  
I n t e g e r  
v a r i a b l e  
DESCRIPTION 
The matrix of c o e f f i c i e n t s  ( s e e  t h e  
t h e o r y  f o r  comple t e  d e s c r i p t i o n ) .  
The t h r e e  unknown v a r i a b l e s  which a r e  
de te rmined  by t h i s  s u b r o u t i n e .  
I P 1  = 1 => p r i n t  i n p u t  da ta ,  o t h e r -  
wise no p r i n t .  
IP2  = 1 => p r i n t  o u t p u t  d a t a ,  o t h e r -  
wise  no p r i n t .  
2 . 1 3  To i l l u s t r a t e  t h e  u s e  of FREFALl a n d  XROTT, l e t  -
ctl = a2 = goo, el = e2 = 30°, p, = 450, p2 = -450, v ; ~  = q2 = 
TT + 7~ s i n  (rt - r / 2 ) ,  mo = 4.458 s l u g s ,  
a1 = 0 . 9 0 3  f e e t ,  a4  = -0.06047 feet, a 
m1 = 0 . 2 8 8  s l u g s ,  
0, bo = 0.665 f e e t ,  5 =  
L1 = 1 . 5 4 2  f e e t ,  I1 (O) = 8.336 s l u g - f e e t  2 , I$') = 8.150 s l u g -  
f e e t  , I2 (l) = 0.1320 s l u g - f e e t * ,  Is1) = 0.0020 s l u g - f e e t  2 . 
C a l c u l a t e  t h e  r e o r i e n t a t i o n  o f  Bo for one c y c l e  o f  arm 
m o t i o n .  A l s o ,  u s i n g  XROTT, c a l c u l a t e  t h e  r e o r i e n t a t i o n  f o r  
10 c y c l e s .  
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R 
T Z ( 1 9 2 1  = C B 2 * ( C T Z * C P 2 2  + s P 2 . 2 )  - S B 2 * S T Z * C P 2  
T 2 (  1 9 3 )  = C A 2 * S P 2 C P 2 * C 2  + S A 2 * S B 2 * ( C T 2 * C P 2 2  + S P 2 2 )  + S A 2 * C B Z * S r ' 2 *  
T Z ( 2 9 1 )  = S A 2 * ( C T Z * S P 2 2  + C P 2 2 1  - C A Z * S B Z * S P 2 C P Z * C 2  - C A 2 * C R 2 * S T 2 *  
T 2 ( 2 9 2 )  = C B 2 * S P 2 C P 2 * C Z  - S B 2 * S T Z * S P Z  
T Z ( 2 9 3 )  = C A Z * ( C T Z * S P 2 2  + C P 2 2 1  + S A 2 * S B 2 + S P Z C P 2 * C 2  + S A 2 * C B 2 * S T 2 *  
T 2 (  3 9 1 )  = S A 2 * S T 2 * S P 2  - C A Z * S B 2 * S T 2 * C P 2  + C A 2 * C B Z * C T 2  
T 2 ( 3 9 2 )  = C B 2 * S T 2 * C P 2  + S R 2 + C T 2  
T 2 ( 3 , 3 1  = C A Z * S T Z * S P Z  + S A 2 * S 8 2 * S T Z * C P 2  - S A 2 * C B 2 * C T 2  
F 1  = C P 1 2  - S P 1 2  
F 2  = C P 2 2  - S P 2 2  
1 C P 2  
1 5p2 
1 SP 2 
C 
C FROM EQ.  (1.11) 
D T l ( l 9 l )  = ( S A l * C l * F L  + Z e * C A l * S B L * S P l C P L * C 1  + C A L * C R l * S T l * S P l ) *  
1 DP 1 
D T l (  1 9 2 1  ( - 2 . * C R l + S P l C P l  * C 1  + S R L * S T L * S P L ) * D P l  
D l l (  113) = ( C A L * F L * C l  - 2 . * S A L * S B L * S P L C P L * C l  - S A l * C B l * S T l * S P l ) *  
1 DP 1 
D T l ( 2 . 1 )  = ( 2 . * S A l * S P l C P l * C l  - C A l * S B l * F L * C l  - C A l * C R l + S T l * C P L ) *  
1 DP 1 
D T l ( 2 9 2 )  = ( C B L * f L * C l  - S R L * S l l * C P l ) * D P l  
D T 1 ( 2 , 3 1  = t Z . * C A L * S P L C P l  *CL + S A l * S B l * F l * C L  + S A l * C B l * S T l * C P L ) *  
1 D P 1  
D T l ( 3 . 1 )  ( S A L * S T l * C P L  + C A l * S B l * S T l * S P l ) * D P l  
D T 1 (  3 9 2  1 = ( -CR l * S T l * S  P L  1 * D P l  
O T L ( 3 , 3 )  = ( C A l * S T l * C P L  - S A 1 * S B l * S T l + S P 1 ) * D P L  
C 
D T 2 4 1 9 1 1  = ( S A Z * C 2 * F 2  + Z e * C A 2 * S B Z * S P Z C P Z * C 2  + C A 2 * C B 2 * S T 2 * S P 2 1 *  
1 D P 2  
D T 2 1 l . 9 2 )  = ( - 2 o * C B 2 * S P Z C P Z  *C2 + S 6 2 * S T Z * S P 2 1 * D P Z  
D T 2 (  1 9 3 )  = I C A 2 * f Z * C Z  - Z . * S 4 2 * S R Z * S P Z C P 2 * C 2  - S A Z * C B 2 * S T 2 * S P 2  1 *  
1 D P 2  
1 D P 2  
O T 2 t 2 9 1 1  = ( Z . * S A Z * S P 2 C P Z * C 2  - C A 2 * S B 2 * F Z * C 2  - C A 2 * C R Z * S T Z * C P 2 1 *  
D T 2 ( 2 9 2 )  = ( C B 2 * : F 2 * C ?  - S R 2 * S T Z * C P 2 ) + D P 2  
O12(2 ,3)  = ( Z . * C A Z * S P Z C P 2  * C 2  + S A Z * S 8 2 * F Z * C 2  + S A 2 * C B 2 * S T 2 * C P 2 ) *  
1 D P 2  
D T 2 1 3 9 l )  = ( S A Z * S T 2 * C P 2  + C A Z * S B 2 * S T 2 * S P 2 ) * O P 2  
O T 2 ( 3 r 2 )  = ( - C B Z * S T 2 * S P 2 ) * D P 2  
l ) T 2 ( 3 , 3 1  = ( C A Z * S T 2 * C P 2  - S A 2 * S B Z * S T 2 * S P 2 ) * D P Z  
C 
Y = FCO + 2.O*ML 
YF = l.O/M 
C FROM EQm (1 .32)  
R O S S ( 1 )  = Y F * ( P O * B S  - M l * B l * ( T 1 ( 3 r l )  + T 2 ( 3 9 1 ) ) 1  
R O S S ( 2 1  = Y F * ( - M l * S l * ( T 1 ( 3 , 2 )  + T Z ( 3 r 2 1 ) )  
R O S $ ( 3 )  = M F * ( M O * l E 4  + L 1 1  - M l * R l * ( T 1 ( 3 , 3 )  + T Z ( 3 9 3 ) ) )  
D R O S S ( 1 )  = - M F * M L * B L * ( D T l ( 3 ~ 1 )  + D T 2 ( 3 , 1 ) )  
D S O S b ( 2 1  = - M F * M L * S l * ( O T 1 ( 3 ~ 2 1  + D T L ( 3 9 2 )  1 
D R O S b ( 3 )  = - M f * M l * R l * ( D T 1 ( 3 ~ 3 1  + D T 2 ( 3 9 3 ) )  
C FROM F Q * (  1.371 
C 
C G 1  = C O S ( G A M 1 )  
C G 1 2  = C G L * C G l  
S G 1  = S I Y ( G A P 1 )  
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i 
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C 
C 
C 
I - 54 - 
r 4 , 2 X , ' A 1  = ' , E 1 2 0 4  
=' T E 1 2  04) 4 F U R M A T (  ' 0' r 2 8 X 1 '  A 4  =' ,E12 0 4 9 2 X  9 ' A 5  =' T E 1 2 0 4 r 2 X  p 'SO 
2 5  F O R M A T ( ' O g , 2 8 X ~ ' C L I = ' r E L 2 . 4 )  
2 9  F O R M A T ( ' O ' , 3 0 X ~ 3 f 1 6 . 4 )  
3 0  F O R M A T ( ' O ' r 2 7 X , ' I  = ' ,3E16.4)  
4 1 F O R Y  A T  ( ' 0' 9 22x9 ' ANGMOY 
42  F O R Y A T ( ' 0 '  , 3 0 X , b F 1 6 . 4 )  
= ' 9 4E 16 4 1 
102 FORY AT ( ' 0' 9 28x9 ' G A M 1  =' * E  12.4 12x1  ' A L P H A 1  = '  9 E 1 2 0 4 9 2 X t '  A L P H A 2  
1 € 1 2 0 4 )  
2 0 3  F O R M A T ( ' 0 ' , 2 8 X , ' T H E T 6 1  =' r E L 2 * 4 , 2 X ,  ' T H E T A 2  = ' , E 1 2 0 4 1  
104 
105 
203 F O R M A T (  ' 0 '  9 5 x 9  ' R O S S  ' r 3 E 1 6 . 4 )  
20 1 FORM AT ( ' 0' 9 5 x 9  ' DROSS'  9 3E 16.4 1 
202 F O P Y A T ( ' O ' ~ 5 X ~ ' A L L S  ' 93F16.41  
2 0 3  F O R M A T 1 9 0 ' r 5 X , ' A 2 2 S  ' 9 3 E 1 6 . 4 )  
204 F O R Y A T  ( ' 0 '  9 5 X  9 'ROSS S '  * 7E 16-41 
2 0 5  F O R Y A T ( ' 0 '  9 5 x 9  ' A O S S 1 '  93E16.4) 
204 F O R M A T  ( '0' 9 5 X  9 ' A  1 S S I '  9 3E 16.4) 
20 7 F O R Y A T  ( ' 0' 9 5 X  9 ' A 2 S S S  ' T 3 F L h 0 4  I 
450 F O R M A T ( ' 0 ' , 4 0 X , ' O U T P U T  D A T A  F R O M  ANGMOM')  
F O R M A T (  '0 '  t 28x9 ' P H I  1 
FflRYAT(. ' 0 '  9 2 8 X  9 '  D P H I 1  
= '  ,E 12.49 2x9 ' P H I  2 =' , E 1 2 e  4 )  
=' , E 1 2 0 4 9  2x9 'DPHI 2 =' 9 E 1 2 . 4 )  
900 C O N T I N U E  
RE TURN 
END 
C 
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SUBROUTINE 
REAL E P S ( b ) r E ( 3 9 3 )  
I F ( I P l o N E o 1 )  GO TO 2 0  
WRI TE ( 6 9 1  1 
W R I T E ( 6 9 2 )  ( E P S ( I ) r I = 1 , 2 )  
WRITE(6.3)  ( E P S ( J ) r J = 3 * 4 )  
DCOSEP( EPS ,E 9 I P l 9  I P2 1 
2 0  E P L 2  = E P S ( l ) * € P S ( 1 )  
EP22  = E P S ( Z ) + E P S ( 2 )  
EP32 = E P S ( 3 ) * F P S ( 3 )  
E P l E P 2  = E P S ( l ) * E P S ( 2 1  
E P l E P 3  = F P S ( l I * E P S ( 3 )  
E P l E P 4  = E P S ( l ) * E P S ( 4 )  
EP2EP3 = E P S ( 2 l * E P S ( 3 )  
EP2EP4 = F P S ( Z ) * E P S ( 4 )  
EP3EP4 = E P S ( 3 ) * E P S ( 4 )  
E ( l . 1 )  = 1 - E P 2 2  - EP32  
E ( l 9 2 )  = E P l E P 2  + EP3EP4 
E t 1 9 3 1  = F P l E P 3  - EP2Fp4  
F ( 2 9 l )  = E P l E P 2  -EP3EP4 
E ( 2 . 2 )  = 1 - E P 1 2  - EP32  
E ( 2 . 3 )  = EP2EP3 + EPLEP4 
E ( 3 . 1 )  = E P l E P 3  + EP2EP4 
E(392) = EP2EP3 - E P l E P 4  
Et3931 = 1 - E P 1 2  - E P 2 2  
I F ( I P Z o N E . 1 )  GO TO 900 
WRITE ( 6 9 4 )  
MRITE(6 .5  1 ( E (  1, J ) 9  J-193)  
H R I T E (  69 6 )  ( E ( 2  9 J 1 9  J=193 1 
W R I T E ( 6 9 5 )  (E(3rJlrJ=193) 
I 
C FROM TABLE 2.1 
I 
1 FORYAT( 'O '949X9 ' INP lJT  DATA FOR DCOSEP ' 1  
2 f O R M A T I ' 0 ' , 2 7 X I ' F ~ S l  =' 9€14o4v6X, 'EPS2 = ' 9 E 1 4 * 4 )  
3 FORYAT( '0 '  9 27x9 ' F P S 3  = '  ,E 140496x9 'FTA =' rE14 .4 )  
4 FORYAT( 'O' r45X9'OUTPUT DAT4 FROM D C O S E P  ' 1  
5 F O R Y A T ( ' 0 ' , 3 0 X 9 3 E 1 6 o 4 )  
6 FORMAT( 'O'927X9'E = ' 1 3 E l h o 4 )  
90'3 RETURN 
EN 0 
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C 
~ 10 
C 
15 
1 3  
I:, 
, 
2 0  
2 1  
27 
2 5  
C 
3 (7 
4 3  
C 
35 
I F ( I P l . N E . 1 1  GO TO 10 
W R I T E (  6.5) 
I r J R I T F l h ~ 2 1  ( E ( l t J I r J = l . 3 )  
W R I T E ( 6 . 3 )  ( E ( Z , J ) r J = l r 3 1  
W R I T E  (6.2) 4 E (  31 J )  1 J = l r 3 )  
P I  = 3.14159 
P = P 1 / 2  
FROM EQ. (1.61) 
T ( 2 )  = A R S I N I - F ( 1 . 3 ) )  
A R T 2  = A B S ( T ( 2 ) )  
D E L T  = P - A R T 2  
IF ( O E L T . G T o 0 . 0 0 1 )  GO TO 15 
I F  ( I P 2 0 N E 0 1 )  GO TO 900 
d R I T E ( 6 9 5 )  
W R I T E ( 6 . 1 )  
TO 900 
C T Z  = C O S ( T ( 2 ) )  
T E S T  = A B S ( A R G 1  
ARG = E ( l 9 2 ) / f T 2  
I F ( T E S T o L T o 1 . 0 )  GO TO 19 
I F ( T E S T o G T o 1 . 0 0 1 )  GO T O  890 
I F ( A R G o G T e O . 0 )  GO TO 18 
T ( 3 )  = -P 
GO T O  2 1  
T ( 3 )  = P 
G O  TfJ 2 1  
IF t E ( l * l ) . L T o O )  GO TO 20  
T ( 3 )  = A R S I N ( E ( l t 2 ) / C T 2 )  
GO TO 25 
T ( 3 )  = P I  - A R S I N ( E ( l . Z ) / C T 2 )  
ARG = E ( 2 9 3 ) / C T 2  
T E S T  = 4 Y S ( A R G )  
I F ( T E S T o L T . 1 . 0 )  GO T O  25 
I F ( T E S T . G T o  1.001 1 GO T O  895 
I F ( A K G . G T . O o 0 )  GO T 3  2 7  
T ( 1 )  = -P 
GO TO 40 
T(1) = P 
GO 1’3 40 
I F  ( E ( 3 9 3 ) o L T .  0 )  GO T 3  30 
F R O M  E Q o  (1.65) 
T ( l )  = A R S I N ( E ( 2 , 3 ) / C T 2 )  
T ( 1 )  = P I  - A R S I N ( E ( 1 . 2 ) / C T Z )  
GO TO 40 
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INPUT OATA 
G A M 1  = 0.0000E 00 ALPHlO = 0 . 9 0 0 0 E  02 ALPHZD = 0m9000E 02 
THETlO = 0m3000E 02 W E T 2 0  = 0.3000E 02 
MO = 0 0 4 4 5 8 E  01 M 1  = 0.2080E 00 A 1  = 0m9030E 00 
A 4  = -016047E-01 AS = C.OOOOf  00 BO = 0.6650E 00 
CL1 = 0o1542E 01  
BET1 = 0m4500E 02 8ET2 = -0o4500E 02 
0.833hE 01  0.1325E 00 
I =  0m8150E 01 0m1320E 00 
0.3900E 00 Om 2000E-02 
TAU = 1000 
OUTPUT OATA FROM DCOSEP 
0m8733E 00 0.4870F 00 0 .9346E-02  
E =  -0m4870E 00 0.8734E 00 -0o2430E-02  
-0 . 9 3  46 E- 02  -0 . 2429  E-02 0.1000€ 01 
OUTPUT DATA FRnY EULER3 
T H E 1  1 THFT2 THE13 
-0 243 0 E- 02 -0m9346E-02 0 e 5 0 8 7 E  00  
-0m1392E 00 - 0 o 5 3 5 5 E  00 0 o 2 9 1 5 E  0 2  
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I 
- 6 3  - 
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P = 10 
OUTPUT F R O M  YTXMLT 
0.366SE 00 -0.9300E 00 -0.1785E-01 
c =  0.93JOOE 00 0 . 3 6 6 6 E  00 -0 .1216E-01  
0 . 1 7 8 5 E - O I  -0 1 2 1  7E-01 0.1000E 01  
OUTPUT DATA FROM E U L E R 3  
T H E T l  THE T2 THET3 
-0.1217E-01 0 179 5E-0 1 -0 .1195E 01  
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